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1 Introduction and Statement of the Main Results 

The Wasserstein space V{M) on an Euclidean or Riemannian space M - i.e. the space of 
probabiUty measures on M equipped with the L^-Wasserstein distance dw - offers a rich 
geometric structure. This aUows to develop a far reaching first order calculus, with striking 
applications for instance to the reformulation of conservative PDEs on M as gradient flows of 
suitable functionals on V{M), see e.g. |Utj . [VT] . |AGSj . A second order calculus was developed 
in |RStj in the particular case of a one-dimensional state space, say M = [0, 1], based on the 
construction of a canonical Dirichlet form 



(1.1) 



with domain D-p C L^(P,P^). Here Du denotes the Wasserstein gradient and a suitable 
measure ( "entropic measure"). Among others, this leads to a canonical second order differential 
operator and to a canonical continuous Markov process {fJ-t)t>o, called Wasserstein diffusion. 
The goal of this paper is to derive approximations of these objects ~ Dirichlet form, semigroup, 
continuous Markov process - on the infinite dimensional space "P := ^([0, 1]) in terms of appro- 
priate objects on finite dimensional spaces. In particular, we will approximate the Wasserstein 
diffusion in terms of interacting systems of Brownian motions. 

For each /c G N we consider the strongly local, regular Dirichlet form {£j:,T>k) on L"^ (K^ , dx) 
defined on its core C^(M'^) by 



X 



The density 
Pp{xi,...,Xk) 



£k{U, V) = k VU{x) ■ VV{x) plix) dx. 



n 



Vt-Vt-l ( Xi — Ui-i 

Vi - Vi-i 



{Vi - Vi-if^^ ^ • \cos{-KZil3/k) - - sm{TTZil3/k) ■ log — 

\ TT i 



Zi 



(where yo := 0, yk ■= 1) is continuous, positive and bounded from above by 



(1.2) 



(1 - z^y 



dzi 



dyi... dyk-i 



C-[x,{l-Xk)f^^''^-'-ll{x,-x,.,) 



p/k-i 
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on the simplex := {(xi, . . . , Xk) : < xi < . . . < < 1} C M'^ and vanishes on M.^ \ S^,. 
The strong Markov process {X^)t>o = (^X^'^ , . . . jX^'''^ associated with the Dirichlet form 

{£k,T^k) is continuous, reversible and recurrent. At least on those stochastic intervals for which 
X^{io) G Sfc it can be characterized as the solution to an interacting system of stochastic 
differential equations 

^Xk,i ^ fc Qg^fc (^x^'^ dt + V2kdWl i = l,...,k (1.3) 

for some /c-dimensional Brownian motion {Wt)t>o- 



In many respects, an alternative representation for (1.1) is be more convenient. The map 
X ■ g ^ 5f*Leb|jo,i] establishes an isometry between the set Q of right continuous increasing 
functions g : [0, 1) — )• [0, 1] and V. Here Q will be regarded as a convex subset of the Hilbert 
space i^([0, 1], Leb). The image of the form ( 1.1 ) under the map x^^'-'P^G^^ given by the 
form (E,D) on L'^{g,Q^) with 

nu,v)= [ {Bu{g),-Dv{g))dQ^{g) (1.4) 
Jg 

where Y)u denotes the Frechet derivative for "smooth" functions u : ^ — )• M and is the 
well-known Dirichlet-Ferguson process with parameter measure (3 ■ Leb|[o,i]- 

Theorem 1.1. (i) For each /c € N the Dirichlet form (i5fc,Pfc) on L"^ {M.^ , dx) is isomorphic 
to a restriction k) of the Dirichlet form {¥.,13)) on L'^{L'^ {[0,1], Leb), Q^). The isomorphism 
is induced by the embedding 



k 

k 'k' 



i '. X I y ^ ^ Xi ' Ifz— 1 i 



1=1 

ofR^ into L"^ {[0,1], Leb) (and ofT.^ into G). 

(ii) The semigroup associated with (E, D^) is given explicitly in terms of the semigroup T^ 
of the Dirichlet form {£^,T>iS). If g = l{x) for some x € M*^ then 

T^u{g) = T,^U{x) 

with U := u o L. 

(iii) The strong Markov process {gt)t>o on Q associated with (E,Dfc) is given by 

k 
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go = /-{xq) and if {X^)t>o denotes the Markov process on M'^ associated with {£k,T>k) with 
initial condition Xq = xq. 

(iv) A strong Markov process {p!l)t>Q on V (not necessarily normal) is defined by 

1 ^ 
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that is, as the empirical distribution of the process {X^ )t>o- It is continuous, recurrent and 
reversible with invariant distribution = {i'p)*m^ obtained as push forward of the measure 
m^{dx) = p^{x)dx under the embedding 

1 ^ 

i=l 

Theorem 1.2. (i) The domains 02*= ^'^g increasing in A; G N with D = UfcD^^ Therefore, 

(E,D2fc) (IE,©) in the sense of Mosco 

and, hence, for the associated semigroups and resolvents 

Tf Tt, Ga strongly in L'^{g, Q'^) as k oo. (1.5) 

(ii) For the associated Markov processes on V starting from the respective invariant distribu- 
tions we obtain convergence 

ifJ'T)t>o ^ ilJ't)t>o as k ^ oo (1.6) 
in distribution weakly on C{M^,V). 

A closely related approximation result has been presented by Sebastian Andres and Max-K. 
von Renesse [AH]. Their finite dimensional objects are more explicit; the convergence issues in 
their approximation, however, are quite delicate. 

2 Dirichlet-Ferguson Process, Entropic Measure and Wasser- 
stein Diffusion 

2.1 The Dirichlet-Ferguson Process 

Let g denote the space of all right continuous nondecreasing maps g : [0, 1] — t- [0, 1] with 
g{l) = 1. We will regard as a convex subset of the Hilbert space L'^{[0, l],Leb). The scalar 
product in -L^([0, l],Leb) will always be denoted by (., .). 

Proposition 2.1. For each real number /? > there exists a unique probability measure 
on Q, called Dirichlet-Ferguson process, with the property that for each S N and each family 
= to <ti <t2 < ... < tk-l <tk = l 

{gtr edxi,...,gt,_, edxk-i) = , ^, J^f^ -T[{x^-x^-lf<'^-'^-^^-^dxl...dxk^l. 

[[i=i^{p ■ [ti - ti-i)) i=i 

(2.1) 

The Dirichlet-Ferguson process can be identified with the normalized distribution of the stan- 
dard Gamma process {jt)t>o- For each /? > 0, the law of the process (-^)te[o,i] is the Dirichlet- 
Ferguson process Q^. 

Recall that a right continuous, real valued Markov process (7t)t>o starting in zero is called 
standard Gamma process if its increments 7* — 7s are independent and distributed for < s < t 
according to Gt-s{dx) = Y{t-s) \'i,°°){x)x*~'^~^e~^dx. 

In jRStj as well as in |RYZj a change of variable formula (under composition) has been derived 
for the Dirichlet-Ferguson process. 
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2.2 The Dirichlet Form on g 

Let ^^{G) denote the set of all ('cylinder') functions u : ^ — )• M which can be written as 
u{g) = [/ ((g, Vi), . . . , (ff, V'n» with n G N, G Ci(M",M) and V'l, ... ,V'n e ^^([0, l],Leb). For 
u of this form the gradient 



Dn(g) = 9iU ((5, ^i),--., {9, i^n)) ■ 



1=1 



exists in ^ ([0, l],Leb) and 



diU {{g, ipi), ...,{g, ^n)) ■ Ms] 



i=l 



2 



ds. 



For u,v G (t^{g) we define the Dirichlet integral 

E{u,v)= [ {Bu{g),-Dv{g))dQ''{g). (2.2) 
Jg 

Theorem 2.2 ([RSt] Thm. 7.5, 7.8, [DSJ). (i) (E,(t^{g)) is closable. Its closure (E,D) is a 
regular, strongly local, recurrent Dirichlet form on L^(t/,Q^). 

(ii) The associated Markov process {gt)t>o on g is continuous, reversible and recurrent. 

(iii) The Dirichlet form (E,D) satisfies a logarithmic Sobolev inequality with constant ^. 

2.3 The Dirichlet Form on the Wasserstein Space 

Let V = ^([0,1]) denote the space of probability measures on the unit interval [0,1]. The 
map X ■ g ^ 'P, 9 ^ 9*Leb|[o^i] establishes a bijection between g and V. The inverse map 
: V ^ g, fj. ^ 9^ assigns to each probability measure £ V its inverse distribution 
function defined by gf_i{t) := inf{s E [0, 1] : ^[0, s] > t} with inf0 := 1. The L^- Wasserstein 
distance on V is characterized by dwilJ-, v) = Wg^j. — guWi^ for all /z, z/ € "P. 
The entropic measure P'^ on "P = ^([0, 1]) is defined as the push forward of the Dirichlet process 
Q'^ on g under the map x- 

Corollary 2.3 ( |RSt) Thm. 7.17). The image of the Dirichlet form defined above under the 
map X is the regular, strongly local, strongly local, recurrent Dirichlet form E-p on L'^(V,F^), 
defined on its core 3^('P) by 

Er{u,v) = l^{DuU,),Dv{fi))l,^^^dF^{fi). (2.3) 
The associated Markov process {fit)t>o on V, called Wasserstein diffusion, is given by 

IJ^t^ = {gt'^)*Leb\Y^^iY 

Here i^{V) denotes the set of all functions u : "P — )• M which can be written as u(/i) = 
U i^j^'^id^x,. . . , ^^-^ndlJL^ with some n G N, some U G C^(M") and some G 
C-'^([0, 1]). For u as above we define its 'Wasserstein gradient' Du{ii) G -^^^([0, 1],/^) by 

n 

Duifi) = J2 diUif "^idli, ...J ^nd^l) ■ ^'ii.) 

i=l 



4 



with norm 



i=l 



dfj. 



1/2 



Recall that the tangent space at a given point fj, € V can be identified with L^([0, 1], /^). 



The analogue to (2.3) on multidimensional spaces has been constructed in |St] 



3 The Distribution of Random Means 

Let ni^ — C*IP'''^ denote the distribution of the random variable : /i i— >■ Jq xdfi{x) which assigns 
to each probability measure /i G P its mean value (random means of the random probability 
measure P^). Actually, coincides with the distribution of the random means of the random 
probability measure Q^, that is, = C*Q^ where C '■ 9 ^ Jq tdg{t) assigns to each function 
g G Q the mean value of the probability measure dg. 

Indeed, integration by parts yields fQtdg{t) = Jq{1 — g{t))dt = — x)dix{x) for ^ = 

g'*Leb. Due to the symmetry of the entropic measure under the transformation x ^ 1 — x the 
distribution of /g^(l — x)d^{x) coincides with m^. 

The law of the random means of the Dirichlet-Ferguson process is a well studied quantity. Let 
0/3 be the distribution function of m^. For simplicity, we will restrict ourselves in this section 
to the case (3 £ (0,1). The following result can be found e.g. in |RGN] . Proposition 8 and 
Proposition 3. 



Lemma 3.1. Qr admits the following representations 



e,(x) = - + -y^ exp^-- 



J log [l + t^(x — y)^] dy^ ■ sin J arctan [t{x — y)] dy 



dt 

T 



and 



Qpix) = - Hx- yf-' ■ y-^y ■ (1 - y)-^('-y) • sm{7rf]y) dy. 
Proposition 3.2. The measure is absolutely continuous with density -dp = (0/?)' given by 



^p{x)=^e^ / {x-yf-^-y-Py-{l-y)-^'^^-y^- 



1 y 

cosfvr/Jy) sin(7r/3y) • log 

vr 1-y 



dy. (3.1) 



Proof. The proof requires some care since we are interested in the case /3 < 1. Put 

ri{y) = ^ ■ y-^y ■ (1 - y)~^^^~y^ ■ sin(7r/3y) 

in order to obtain 

@p{x)=P {x-yf-^-rj{y)dy = /3 y^-^ ■ r,{x - y) dy. 
Jo Jo 

Differentiating the latter yields (since r]{x — y) \ for y x) 

M^) = n • ^'(^ -y)dy = /3 {x- yf-^ ■ r,'{y) dy. 

Jo Jo 
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Moreover, calculating rj gives 



1 y 

cos{iT(3y) sin(7r/3y) • log 

TT 1-y 



This proves the claim. □ 
Proposition 3.3. The density : [0, 1] — t- M has the following properties 
(i) -d is symmetric, i.e. = — x); 

(a) •& is continuous on [0, 1] and C°° on (0, 1); 
(Hi) ?? > on (0, 1) and ??(0) = '&{!) = 0; 

(iv) 'd{x)/'d{x) — )-lasx— )-Oorx— )•! for ■d{x) := [e ■ x{l — x)]^ ; 
(v) 3C > c> 0, e.g. c = cos(7r/3/2) and C = 4^[1 + /3/e], s.t. for all x G [0, 1] 

c^{x) < i}{x) < Ci?(x). (3.2) 

Proof, (i) is proven in |RGNj . Proposition 6. It also follows immediately from formula (4.1). 

(ii) The smoothness inside (0,1) follows from the representation formula in the previous Propo- 
sition. Continuity at the boundary is a consequence of the estimates in (iv). 

(iii) is a consequence of (v). 

(iv) Using the notations from the proof of the previous Proposition and the fact that rj'{y) — )• e^ 
as y —7- we obtain 

"^^"^^ - ^ f'\x-y)^~'.v'iy)dy ^ ^ [\x - yf'Uy = 1 



(e • x)f^ (e • x)l^ Jq xI^ 

as X —7- 0. Combined with the symmetry (i) this proves the claim, 
(v) A lower estimate of the form 

t9(x) > (e • xf ■ cos(7r/3/2) 
for X < 1/2 follows from the estimate r]'[y) > e^ ■ cos(7r/3/2), valid for all y < 1/2, 
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On the other hand, the estimate 

rj'{y) < {2ef 
again vahd for y < 1/2, imphes 



1 y 

cosfvr/Jy) sinfvr/??/) • log 

TT 1-y^ 



<(2e) 



/3 . 



1 + 



^{x) < (2ex)^ • 



1 + ^ 

e 



for all X < 1/2. Due to the symmetry of -d this proves the claim. □ 
Remark 3.4. For all x G (0, 1) 

• ©^(a;) —7- X and 'dp{x) — ?• 1 as /3 — t- 

• 6/3(3;) — ^ I • l|i|(x) + l(-i ^j(x) as /3 00. 

4 The Measure in the Multivariate Case 

^Prom a technical point of view, the main result of this paper is the identification of the 
distribution of the random vector 



Jk{g) 



under where 



r 1, for t G [0, ^] 

^i\t):=\ i-kt, fortG[^,f] 
[ 0, forte [1,1]. 



(4.1) 



(4.2) 



Note that integration by parts yields 

/' 

Jo 

for alH = 1, . . . , A; and all g £ Q. Put 



'^>'i\t)dg{t) = k I g{t)dt 



k 



ml := (Jk 
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Theorem 4.1. For any /3 > and k €z f^, k > (3, the measure on MJ' is absolutely 
continuous. The density is strictly positive and continuous on the simplex 

Sfc := {(xi, . . . ,Xk) : < xi < . . . < Xk < 1} CR^ 

and vanishes on M*"' \ S^. For x £ Ti^ it is given by 



,Xk) 



T{P/kf 





fX2 ^ 






■ n 




'^k-i 


■^^1 i=i 





Vi - Vi-i 



iVi -Vi-i) 



dyi 



■ dyk~i 
(4.3) 



(where yo '■= 0,yk '■= ^) with -dp as defined in (3.1). 

Proof. Let us start with the simple observation that 

-1 



cl>«d5 = 9 



1 



k 



+ 



a 



9 



i - 1 
k 



[I - t)dUt) 



with 



._9{^)-9m 



9{Td-9[^) 

Now the crucial fact is that, conditioned on {^g (j;) , . . . ,g (^x^)) j the processes {gi{t))t^[Q i] for 



i = 1, . . . ,k are independent and distributed according to Q"' . (This can be deduced from 
the explicit representation formula for the finite dimensional distributions (2.1), see also [RStJ . 
Proposition 3.15). 

Moreover, according to Proposition 3.2 the distribution of /g'^(l — t)dgi{t) for Q'^/'^-distributed 
(5i(i))te[o.ii is given by dmf^''{x) = ^i3/k{x) dx. 



iie[o,i] IS given 
Finally, the distribution of the random vector (5 (|) 
Dirichlet distribution, see formula (2.1). 



,9 



'k-l 



)) is given explicitly by the 
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Putting these informations together we obtain for each bounded Borel function U on 



U 



--l,...,k, 



U 9 



i - 1 



+ 



i - 1 



{l-t)dgi{t) 



k 

dQ^/'^ih) . . . dQ^/'^ih)] n iVi - yi-if^'~' dyi--- dVk-i 

1=1 

k 



i=l 



Vk 



yi 



U 



n 

1=1 



2/fc-l -^3/0 

a^i - Vi-i 



(3/k 



Vi - Vi-i 

X2 



n ~ Vi-if^'' ^ dyi... dyk-i 
. 1=1 

{ixi)i=i,...,k) 



dxi, . . . dXk 



dyi... dyk-i 



'''' f 

k 

n 



1=1 



Vi - Vi-i 



dyi, . ..dyk-i 



dxi . . . dxk 



= / C.(x.,...,..).pf(..,....x.).x....<Jx. 



with as defined above (and always with yo := 0, y^ ■= 1). 

The continuity and strict positivity of on follows from the explicit representation formula 
and from the fact that 7?^/^. is smooth and > on (0, 1). □ 

Remark 4.2. The densities p^ have the following hierarchical structure: 

Pkixi,X2,...,Xk) = 2^ f p^^{xi-^i,xi + ^i,...,Xk-^k,Xk + ^k)d^i---d^k- (4.4) 

This is of course a consequence of the fact that they are obtained via projection from the same 
measure and that 
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dx. 



for all k £ N and all i = 1, . . . , k. Thus for all U on M.^ 

= / U{x) 2^1 P2k{xi-ii,xi+ii,...,Xk-ik,Xk + ik)dii...dik 

Proposition 4.3. (i) There exists a constant C = Cfs^k such that for all x € Sfc/ 

k 

pt{xi,...,Xk)<C- - .JJix,- x^.if/"-' . (4.5) 

i=2 

(ii) For all I G {1, . . . , A: — 1} there exist continuous functions 71 > on and 72 > on 
sitc/i that 

Pkix) >^i{xi,...,xi) ■ j2{xi+i, ■■.,Xk) ■ {xi+i - xif^/^~^ (4.6) 
for all X G Sfc with - x;] < \ min{|x; - xi-i\, \xi+2 - xi+i\]. 

Proof, (i) Using the fact that t?^/^ < C and the trivial estimate (a + 6)"^ < 2"^ • a'P/^ • 
(Va, 6, p > 0) we obtain 

pI{xi, ...,Xk) 



k 



m 

T{f3/k) 



■ 2""'' / • • • / IK^^ - ^0^/^''^-^ • (x, - y._i)^/(^^)-^ dy,... dyk-. 



^k m 

T{f3/ky 



Ti(3/k) 



.2^'''.[x^{l-xk)f^''^-'■ll{x, 



x^.^f"-' 



i=2 



(ii) We assume k > 2j3 and 2 < I < k — 2. (The cases / = 1 and I = k — 1 require some 
modifications.) Fix x G as above and put 6 := |x^+i — x/|. In the representation formula 
(4.3) for /9^, restrict the interval of integration for dyi-^i from [x;_i,x;] to [x; — 25, xi — 6] and 



that for dyi+i from [x;_|_i, x;+2] to [x^+i + (5, xj+i + 26]. Moreover, use the lower estimate (3.2) 
for the '&i3/k (^ y''.Zy''~l ^ for i G {/, Z + 1} to obtain the estimate 



J 
k 

> C- 



Pkixi, . . . ,Xfc) 

fX2 fxi^i fXi-5 fxi+i i'Xi+i+25 fXi+3 fXk 



xi Jxi_2 Jxi-25 Jxi Jxi+i+5 Jxi+2 ■Jxk-i 

ie{i,...,/-i}u{/+2,...,fc} L \yt yt ^/ J 
■{xi - yi^^f'^ ■ {yi - xif/^ ■ (x;+i - yif'^ ■ {yi+^ - xi+^f/^ ■ 

■{yi - m^i)-^^'-' ■ im+i - yi)-^^"-' dyi... dyu-i. 
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Here and in the rest of the proof C always denotes a constant > changing from Une to hne. 
Now we use the lower estimates 

{yi - yi-i)-^/'-' > m-f^/'-' , {yi^, - yir^/'^-' > (3<5)-^/'=-^ 

ivi-i - > {xi - yi-2f/' , {yi+2 - yi+if'^ > {yi+2 - xi+^fl\ 



%fc — z — - ^/^/^^ 



\yi+2-yi+iJ \yi+2-xi+iJ 



^yi-i - yi-2/ \ XI- yi-.2 

valid for all y/, y+i in the restricted domains of integration. Moreover, we put 

fX2 rxi^i 



7i(xi,...,a;/) :=/.../ JJ 



(-Jzl^yhl\.^,^_y^_^f/^dy,.2...dy, 
\ XI- yi-2 J 



and similarly 



rxi+3 rxk r fxi-yi-i\ g/i, 

72(xi+i,...,xfe) := / ••• / II ( ' _ ' ] - {yi- yi-i) 



-2 



I yi±2 — Xi+2 \ _ _ 3, )/3/fe ^y^_^ _ _ _ dyi+2- 

\yi+2-xi+iJ 



Then we obtain 



Pk{xi,---,Xk) 

> C ■ 71 (Xi, ...,Xi)- 72(x;+i, ...,Xk)- 
fXi-S fXi^i /■X1+1+2S 

■S-^- / / {yi-xif/''-ixi+i-yif/''dyi.,dyidyi+, 

Jxi-25 Jxi Jxi^i+S 

= C ■ -fi{xi, . . . ,xi) ■ j2{xi+i, . . . ,xk) ■ 6^^/''-^. 
This proves the claim. □ 

Remark: We do not know whether the exponent 2^/ A; — 1 in the previous lower estimate can 
be improved to P/k — 1. In the upper estimate, the exponent P/k — 1 is certainly optimal. 

5 Projections, Isomorphisms, Approximations 

5.1 Finite Dimensional Projections 

For each linear subspace H C -^^^([0, l],Leb) let ^^(0) denote the set of all functions u : G ^ 
M which can be written as u{g) = ?7 ((5, V'l), • • • , (5, V'n)) with n e N, U e C'^{W^,R) and 
■01 , . . . , V'n £ H. Moreover, let I$h denote the closure of ^]f{G) in D = DomiK) w.r.t. the 
norm (E + IM||2(q/3))^^^- Then (E,D//) is a - not necessarily densely defined - Dirichlet form 

on L2(g,Q/3). 

More precisely, let Yh denote the closure of D// in L'^{Q, Q'^)- Then (E, D//) is a closed quadratic 
form in Vjf. As usual, there exist a strongly continuous semigroup (^f)t>o and a resolvent 
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{G^)a>o, both consisting of Markovian operators on Yh- Let tth : L^(^,Q^) — )• Yh be the 
orthogonal projection onto the closed linear subspace Yh. Then a semigroup on L'^{Q,Q^) - 
not necessarily strongly continuous, however - can be constructed by 

ff:=Tfovrj,. (5.1) 

The projection tthu of u G L'^{Q,Q^) can be characterized as the conditional expectation 

TTHuig) = [ u{g) (dg \{{g, ip) = {g, ip) for all ^ £ H}) 
Jg 

of the random variable u : g ^ u{g) on Q under the condition {{g, ip) = {g, ip) for all ip £ H}. 

5.2 Monotone Convergence 

Let (i?(/c))gN be an increasing family of linear subspaces with L^([0, l],Leb) = IJ^ H{k) and 
define as above. Then ^H{k) Z' with UA:'^H(fc) = particular, 

(E, Dj:^(j!j)) —7- (E, D) in the sense of Mosco for k — t- oo. 

Hence, if T^^'^^ and G^^*^^ denote the semigroup and resolvent operators on L'^{Q, Q^) associated 
with (E,Dj:/(fc)) and if and Gq, denote the corresponding operators associated with (E,D) 
then 

^Hik) _^ ^H{k) _^ strongly in L'^{g, Q^) as A: ^ cx), 

cf. [R5i] . 

5.3 Isomorphisms I 

Let H be finite dimensional with basis H = {ip^^\ ■ ■ ■ , ip^^^} and consider the map 
Jn: L2([0,l],Leb)^M^ g ^ (^{g,ip<^^^ ),..., {g^ipC'^)'). 

Its restriction to H - denoted by J^y^ ~ is a vector space isomorphism with : M.'^ — )• 

H, XI—)- Yli j=i ^i^ij^v'''^^ where {a~j^) denotes the inverse of the matrix (ajj) defined by 
Qij = {ip^^\ip^^'^). This map induces an isomorphism between C^(M'^) and C^(^): 

Let denote the distribution of the random vector ((g, ip^^^l), . . . , {g, ip^'^^)^, that is, rriy^ := 
{'J'h)*Q^ s-iid define a pre-Dirichlet form on Lp'i^^ ,my) = o : u G Y h] by 

£n{U,V):=y^aij [ diU{x)d,V{x) dm^^{x) (5.2) 

for [/, y E Ci(M*'')- This form is closable - since the closable form (E, *t\j{Q)) is isomorphic to 
it - with closure being a strongly local Dirichlet form on L"^ {M.^ , niy^) with domain 
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and with 

for U,V £ Vn, cf. [For] . 

Let (T/^)(>o denote the semigroup associated with {£■}{, Vy^). Then for all u G Yh C L'^{G, 



Tf'u = {T^U) (Jh) (5.3) 



with U e L^iW, m^) such that u = U oJu- 
5.4 Standard Approximations 

For each E N let us from now on fix the linear subspace H{k) C L'^{[^, l],Leb) spanned by 
the orthogonal system T-Lik) = • • • , v'^^} with 

^f{t) :=fc.l(^.j(0. 

To simplify notation, write m^,J'k,£k,T^ etc. instead of m:^^^^, J'^(,fc),<5->^(/(.),T/^^^\ resp. 
Note that in this case 



Jkig) ={k I g{t)dt, ...,k 1^ ^ g{t)dt ]={ l' ^i^dg, ...,[' '^i^^dg 



k 



Jo 



with as introduced in (4.2). Hence, the measure := {J'k)*Q^ on M'^ coincides with the 
measure investigated in detail in the previous chapter. In particular, 

dm^{x) = p^{x) dx 

with given by formula (4.3). Recall that is continuous and > on the open simplex 
Sfc C and that it vanishes on M'^ \ S^. 

The Dirichlet form {Ek,!^^) on L'^(R^,p^) is given explicitly on its core C\R'') by 

£i^(U, V) = k [ VU{x) ■ VV{x) dml{x) (5.4) 



with VC/ denoting the gradient of [/ on M'^. If we regard it as a Dirichlet form on L'^(T,k, p^] 
then it is regular, strongly local and recurrent. (Indeed, {^^Ig^ : u G C^(M*')} is dense in C(Sfc) 
as well as in D^. Strong locality and recurrence is inherited from (E,D).) 
The semigroup {T^)t>Q associated with {£k,T^k) can be represented as 



Tj'uix) =E^^ui^X^j^ (5.5) 
(for all Borel functions u G L'^{Tik, /of ) and a.e. x G S^) in terms of a strong Markov process 



[^t )t>0 - [^t ■.■■■■.^t 



t>0 



with state space S^., defined on some probability space (fi, J^, P^)^g|^ and canonically associ- 
ated with ((?fc,Pfc). This process is continuous, recurrent and reversible w.r.t. m^. At least on 
those stochastic intervals for which X^{uj) G Sfc it can be characterized as the solution to an 
interacting system of stochastic differential equations 



_aiog^ 

dxi 

for some fe-dimensional Brownian motion {Wt)t>o- 



dX^'' = k—^^ [X^j dt + V2kdWi, i = l,...,k (5.6) 
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5.5 Isomorphisms II 

Let Gk := Q nH{k) denote the subset of those g G Q which are constant on each of the intervals 
[^,|) for i = 1,...,A;. Then 

k 

is a bijection. It maps the strong Markov process {X.i\->q on Sjt onto a strong Markov process 
(5t')t>o on Qk with 

A: 

5fH := J^^ (^f H) = • (5.7) 



Now recaU that the Hilbert space Vfc := CfcC^)^ ^^'^"'^ coincides with | [/ o : [/ e L2(M^,mf)|. 



Hence, (5.3) together with (5.5) and (5.7) imply 



E 



U 



(5.8) 



for all Borel functions u G Vfc and a.e. g G Q- Finally, according to (5.1) 

k 

f^u{g) = E^,(,) ■ 



Uk ^^^t'' ■ l[i 



(5.9) 



for all Borel functions u G L'^{Q,Q^) and a.e. g G G with = tt^u being the projection of u 
onto Vfc (or, in other words, the conditional expectation of u). 

This process canonically extends to a - not necessarily normal - strong Markov process {gt )t>o 
on Q, projecting the initial data by means of the map 



TTfc 



i=l 



5.6 Isomorphisms III 

Let Vk denote the subset of fi G V which can be represented as /i = | Yli=i for suitable 
xi, . . . ,Xk S [0, 1]. The maps X '■ Gk '-^ 'Pk and Ik ■= Jk ° '■ 'Pk ^ ^k establish canonical 
isomorphisms. The inverse of the latter 

1 ^ 

^k^ -^^ lY.^-^ 

i=l 

defines the canonical embedding of S^. into V. On the other hand, the map 

ik ■■= Jkox'' -r^ 
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can be characterized as follows: Each fi £ V can be represented uniquely as fx = ^ Yli=i f^i with 
probability measures /7,j supported on for suitable < yi < . . . < < 1. (Indeed, 

yi = mf{t > : //([O, t]) > ^ for each i = l,...,k.) Then 

Xfe(/x) = {xi,...,Xk) 

with Xi = xf = Jq tdiii{t) being the mean value of the probability measure jii. 
In particular, the projection iTk = I^^ ol^ -.V^Vk is defined by 

1 

i=l 



Let {fif)t>o be the image of the strong Markov process {gt)t>o under the bijection x '■ 9 
9*Leb|[o,i]. Then 



1 



i=l 



In other words, the strong Markov process (/Lt^)t>o on Vk is the empirical distribution of the 
strong Markov process {X^ )t>Q on E^. 



Finally, a probabilistic representation - similar to that for 



also holds true for the 



semigroup (Tp associated with the Dirichlet form (Ep,Dp) on L^{V, 



(5.10) 



for all Borel functions u G L {V,^^) and a.e. ji and with x^ := Xk^ji). 



6 Convergence 

6.1 Convergence of Finite Dimensional Distributions 

Note that H{2^) C ij(2") for A:,n G N, A; < n, and thus ©2*= c D^"^ ^ y2"_ According to 
section 5.1 

as A; — 7- oo (6-1) 



IJ^gP^V^". The latter is a dense subset in L^(^,Q^). The previous in 



u Ttu in L'^{g, 

for all u eY^ : 
particular implies 

for all u,v e V°° and thus 



as A; — >■ DO 



E. 



u{gi ) • v{gf ) Eq [u{go) ■ v{gt)] as k ^ oo 



(6.2) 
(6.3) 



for all u,veC{g). 
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The Markov property of the processes {gt)t>o and {g- 



the measures and 



t )t>o 



together with their invariance w.r.t. 



% ■ 



vigfe ahows to iterate this argumentation which then yields 
^1 • '^t-to (^2 • Tf^-t, 



Ul ■ T^ti-to iu2 ■ Tt2-ti (U3 



[uiigti) ■ U2{gt2) ■ ■■■■ UN{gtN)] 



as A; — 7- oo for ah G N, all < ti < . . . < tjv and all ui, . . . ,njv € C{G). Since functions 
U € C{Q^) can be approximated uniformly by linear combinations of functions of the form 



U{gi,g2, ...,gn) = I\n=i '^n{gn) it follows that 



E, 



TT/ 2" 2" 2^ \ 

U{gti ,gt2,---,gtj^j 



Eo/3 [Uigti,gt2,- ■ -,91^)] 



as A; — )• oo for all e N, all < ti < . . . < and all U G C{G^)- That is, we have proven the 
convergence 

(.9t )t>o {9t)t>o as A; oo (6.4) 

in the sense of weak convergence of the finite dimensional distributions of the processes, started 
with their respective invariant distributions. By means of the various isomorphisms presented 
before, this can be equivalently restated as convergence 



(m? )t>o {fJ-t)t>o 



CO, 



(6.5) 



again in the sense of weak convergence of the finite dimensional distributions of the processes, 
started with their respective invariant distributions. Here (/xt)(>o denotes the Wasserstein 
diffusion on V - associated with the Dirichlet form (1.1) - with the entropic measure as 
invariant distribution and 

2* 



with ( 



t>0 



being the continuous Markov process on the simplex - associated with 



the Dirichlet form (5.4) - with invariant distribution p^f,[x)dx. 

6.2 Convergence of Processes 

Convergence of the processes 



{9f)t>o {9t)t>o as k 



oo 



will follow from the convergence (|6.4|) of the respective finite dimensional distributions provided 



we prove tightness of the family {gf )j>o, A; G N in C(M+, ^). The latter is equivalent to tightness 



of (^,5? 



, A: E N in C(]I 



for all V £ -^^([0) l],Leb). It suffices to verify this for a 



dense subset of V, e.g. for ah ^ G \J^^n{2^) C L2([0, 1], Leb). 
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Fix ip S 7^(2') for some / € N with ||'0|| = 1. For each k ^ N,k > I the continuous function 
u{g) := (V'lff) hes in V2fc with energy E(n) = = 1 and square field operator 



(6.6) 



for a.e. g £ Q- 

Given T > 0, the process 

admits a Lyons-Zheng decomposition 



te[o,r] 



o Vt 



into a forward martingale and a backward martingale. According to (6.6) the quadratic varia- 



tion of the forward martingale - as well as that of the backward martingale - is given by 

= t, 

uniformly in g £ Q and k £ N,k > I. Hence, using hitting probabilities of 1-dimensional 
Brownian motions we deduce for any R > and uniformly in k £N,k > I, 





sup 




te[o,T] 


< 












< 





sup Mi ' > R 

te[o,T] 



r(2'=) 

(fi/2)^ 
2T 



sup (m^"^ - M, 



(2fe) 

T-t 



'rr > R 



Since we already know that the 1-dimensional distributions converge, this proves tightness 
of the family of processes 



te[o,T] 



te[o,T] 



for /c E N. Since this holds for all ip S Ui^i ^(2^) it implies tightness of the family (gf )t>o, k S 
N, and thus convergence of the processes 

{at )t>Q {gt)t>o as A: 00. 



Applying the usual isomorphism, this may be restated as convergence of the processes 

{fj,f)t>o ifJ-t)t>o as A; 00 

in C{R+V). 
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6.3 Final Remarks 

Given /c € N a mapping ^7^. : ^ — )• - very similar to our mapping from (4.1) - is obtained 
by replacing the functions <5^*^ from (4.2) by l>^*^(x) := 1,^ -li-iAx) which leads to 




In this case, the identification of the push forward measure := {Jk)*'^^ on is much 
easier. Indeed, it is absolutely continuous with density 

k 

h{x) = C7 • [Xi(l - X,)]^/(2'=)-l • n - ■ 

i=2 

The strong Markov process on associated with the Dirichlet form £k{U) = k /^^ l^f^Ppf dx 

on L'^iTik: P^dx) admits a very explicit characterization: at least on those stochastic intervals 
on which the process is in the interior of the simplex it is a weak solution to the coupled system 
of stochastic differential equations 

dt + V2kdWi, i = l,...,k (6.7) 

for some /c-dimensional Brownian motion {Wt)t>o and with X^''^ := 0,^^^''^'''^ := 1. Here 
/?o = /3fc = /3/2 and fii = (3 for i = l,...,/c — 1. This is essentially the approximation used by 
S. Andres and M.-K- von Renesse |ARj . 

The fundamental disadvantage, however, is that the functions g i— )• dg are no longer 

in the domain of the Dirichlet form E. More generally, for any non- constant U G C^(M'=) the 
function u{g) := U{Jk{g)) is neither continuous on Q nor does it belong to D. 
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